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NOMENCLATURE

A area of symmetry element [m®]

b fin thickness [m]

h convective heat transfer coefficient between fin
and surrounding fluid [W m~* K~!]

k thermal conductivity of fin material
(Wm K]

L characteristic length scale [m]

r,,7;  outer tube and outer fin radii of equivalent
circular tube and fin system [m]

T temperature of fluid within tube [K]

Ty temperature of fluid surrounding fin [K}

U overall heat transfer coefficient of tube and fluid

within [W m 2K~ '].

Greek symbols
r tube perimeter {m]
7 fin efficiency
u LU/k, dimensionless
¥ 2hI?/bk, dimensionless
Q area of fin [m*].

INTRODUCTION

THE HEAT transfer effectiveness of a tubular heat exchanger is
increased by attachment of circumferential fins to the tubes.
The heat exchanger could be a single tube and fin, Fig. 1(a), or
an array of tubes mounted in a fin, Fig. 1(b). The shapes of the
tubes and geometry of the arrays depend on the duty of the
heat exchanger. In designing a tube and fin system, fin
efficiency is one of the necessary inputs. Except for the simplest
systems, fin efficiency must be determined numerically. We
have found, however, that the fin efficiency of a great many
arrays can be well approximated analytically by an equivalent
circular tube and fin heat exchanger. The finding was
motivated by our studies of an analogous problem in catalysis
[1, 2]. In what follows, we present the equivalent circular fin
and tube model and identify those arrays for which it provides
an accurate estimate of fin efficiency.

FIN EFFICIENCY

The temperature of a circumferential fin at steady state is
determined by the equation

h
WOT - %(r— T.)=0, M

where V? is the two-dimensional Laplacian (defined in the
plane of the fin), » and k the fin thickness and thermal
conductivity (assumed to be constant), T,, the temperature of
the fluid surrounding the fin, and h the heat transfer coefficient
between the fin and the surrounding fluid. The boundary
condition along the outer circumference I' of the tube is
typically

VT i=U(T-T) onT, 2)

where s is the outward normal to the tube along the base of the
fin, U the overall heat transfer coefficient of the tube and fluid
within, and 7; the temperature of the fluid within the tube. The
outer fin boundary condition for all the systems considered
herein is

VTi=0, (3)

characteristic of an insulating or symmetry boundary. The
heat transfer coefficients h and U are assumed to be constant.
Fin efficiency # can be defined as [3]

n= J (T—-T,)dAAT~ T,), G
Q

where Qis the area of the fin. An efficiency of unity would result
fromk=U = c0.

Introducing a characteristic length scale L, we can
transform the problem to dimensionless form:

VT -y (T-T,)=0 in Q¥
(V*T)r=uT-T) onT¥,
where  and u are dimensionless parameters
Y2 =282 bk, u= LU/, 6)
and V¥ = LV, Q* = Q/I2, and T* = I'/L. We are free to

5

symmetry
element

Fi16. 1. (a) Circular disk fin of radius r, attached to a circular
tube of outer radius r,. (b) Cross section of a square array of
circular tubes in a sheet fin.
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identify the length L with a pertinent dimension of the heat
exchanger. For example, in a circular tube and fin exchanger, L
can be taken to be the outer radius of the tube.

Small values of i result for sufficiently large fin conductivity.
In such a limit the fin temperature is approximately uniform
and can be determined from the energy balance

2T, —T) = bUT(T—T). YU
This result yields for the fin efficiency the equation
1 20
L,re ®
n u LT

valid for sufficiently smail .

The other extreme, large W, corresponds to small fin
conductivity (compared to 2hI?/b) and can also be treated
simply. In this case the fin is approximately at the surrounding
fluid temperature T,, everywhere except in a boundary region
close to the tube perimeter I'. If the boundary region is thin
compared to the radius of curvature of the tube, then equation

(5) reduces to the one-dimensional problem
T -1y, | —ur-m
dx*z - ol dx* x‘=0—ﬂ £/x*=02
®
T—-T, as x*- o0,

where x is the normal distance away from the tube perimeter I'.
The solution to this equationis T = [(T; — T.o)u/(¥ + p)le ¥
+ T, which yields the formula

_ 'Ly
T+

for the high y fin efficiency. It is, of course, unlikely that one
would purposefully design a heat exchanger with large y,
although it is conceivable that a poor fin situation might be
encountered in systems for which other criteria than heat
exchange dictate design.

The ranges of parameters y over which the asymptotic
expressions, equations (8) and (10), are valid depend on tube
geometry and array and on the values of u, Q, L, and I'. In
general this dependence must be determined by numerical

n (10)

solution of equation (5). In what follows, we give for many
arrays ranges of validity of the asymptotic formulas and
outline an approximation that allows accurate estimates of fin
efficiencies for these arrays outside the asymptotic ranges.

CIRCULAR TUBE AND FIN SYSTEM

Consider the circular tube and fin system shown in Fig. 1.
Set L = r,, the outer radius of the tube. Q = n(rZ —r?) and
I" = 2nr,, where r, is the outer radius of the fin. Equation (5) is
for this system

. (r*a—T)—wZ(T—Tm)=o,

r* or* or*

(11
TN T=Tpher; L =0
e = p( T
which has the solution
T=T | MM M 12
T.—T —uM@/{pM(r) + Y M)}, (12)
with
M{(r) = Lo(r/r)K (Yrafr) + Ko(r/r )L (Yry/ry), (13)

N(r) = —1,(fr/r DK (rafr) + K (r/r ) (Yra/ry).

Iy, I, and K, K, are the first and second kind of modified
Bessel functions of orders zero and one.
The fin efficiency for this system is

Iv‘M("l)}_ ) (14)

YN(ry)

The small and large ¢ limits of equation (14) agree of course
with the general results, equations (8) and (10). More
importantly, the exact result provides a means of estimating
the domains of validity of the asymptotic results. In particular,
if yry/ry < 0.1, the fin efficiency is predicted by equation (8)
with less than 19 error; and if ¥ > 10, the fin efficiency is
predicted by equation (10) with less than 19 error.

ne = [2prifp?(3 —r)] {1 +

Table 1. Comparison of fin efficiency, nggy, computed by finite element mathematics, with the fin efficiency, 7.,
of the equivalent circular tube and fin

Cross-section of Range of S | Equivalent tube Percentage error
symmetry element and fin radii Teem
E=|—E%-1|x100%
" 2 M
25—
(a) @ 1.5<S/L €10 L % E<1.5%, 0012y, u<10
p-S+
(b) @ 2<5/L<10 L W33 | E<i%, 0015y, ps10
2w
-—28—-IT
(c) s 2.2<S/L<20 L 2 E < 4%, ¢=001,0.1,10
@ _L J: s E<17%, y=1.0
95— T
(d) S| 3ss/L<16 L 5 o |ES2% y=001,10
@ | “/vr_ S |E £20%, y=01,1.0
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(e)

()

(g)

(h)

(i}

()

(k)

()

(m)

Table I. (continued)
Cross - section of Range of S Equivalent tube Percentage error
symmetry element and fin radii n
} , E=|—LE | x100%
1 2 e
pb—25— 10
of (N8
# odf E(S/L = 4)
[o]v) | SUEPUE Y
001 1.0
P—25 —
/\e< 10
Yy 1.0 \3 E(S/L.<4) <
1.558/L<4
O L S s 0'1+S/L-4 E(S/L=4)
0.01 1
001, 1.0
f—25— 14
20° ‘3,1- 10,
10f E
O 2ss/Lsa| L/2 |sryz | p g\slf) E(S/L<4)<
S/L=4 E(S/L=4)
0.01
001 10
—2S—
2L e 10 Q:‘l“
2 ) 25<s/L<4| /3L (2 10r \&7A E(S/L<4)<
J;g S| # 8‘:-S{L=.4 E(S/L=4)
001y 10
—8L— 10
=2l 1\19’
T 10F
4L 3L 2L [277L | pop &£
I — '
o.oc; o l ‘1‘0
———10L—— o
2L 10 1
3L 3L L 2.74L | Foap\ 5%
1 001 |
00t y 1.0
T
'-4L——*, T 1.0F ?/‘
5|3 1330 | 2L | Kok
0.010 L
) 001 10
p——12L— 10
L 5
'_BL_"_L 10k sz
] ~ 1.6L 2.77L | Hoif 1
| il oot o
%5 Ot -
/ i \2 2s
@u s/L=5 [r2+c3 |M*T2 E<3%, r,=234
-1 |2sr,/Ls 4 L, +r 2, 2 0.01<y, <10
\ f : R A v #
”

EQUIVALENT CIRCULAR TUBE
AND FIN APPROXIMATION

For arrays of tubes, equation (5) usually must be solved
numerically even though the problem is reduced to a

symmetry element [see Fig. 1(b) and Table 1] for regular
arrays. On the basis of our findings for a mathematically
similar problem in catalysis, it appears that costly numerical
work can be avoided by estimating the fin efficiency of a given
array froman ‘equivalent’ circular tube and circular fin system.
The outer tube radius r, and the outer fin radius r, of the
equivalent circular tube and fin system are defined by

_ 2(4-9Q) _ 2(cross-section area of tube in symmetry element)

(15)

ry

r

outer perimeter of tube in symmetry element
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and

ri-rf Q

area of fin in symmetry element

2r, T outer perimeter of tube in symmetry element’

or

r, = 2/ AA-Q)T,

where A is the area of the symmetry element. With these
definitions the asymptotic limits (large and small ) of
equation (14) agree with the general results, equations (8) and
(10). The equivalent circular tube and fin approximation is to
compute the radii from equations (15) and (16) for a given heat
exchanger and to estimate its fin efficiency from the analytical
formula, equation (14), for a circular tube and fin system.

We have tested the approximation for several different
arrays with values of 4 and  ranging from 0.01 to 10 (L being
set equal to r,). The test was to compare the fin efficiency #7ggy,
computed from the finite element numerical solution to
equation (5) with the fin efficiency n. predicted by the
equivalent circular tube and fin heat exchanger. Our results
are summarized in Table 1. The percentage error E(=|fpem/1.
— 1] x 100%) is indicated in Table 1 either by an error bound
for ranges or particular values of u and  [e.g. examples (a) or
(b) in Table 1] or as plots of constant error curves in the u—y
plane [e.g. example (e) in Table 1].

It is unlikely that by design a heat exchanger will be chosen
for which ¥ > 1. Thus, it is significant that for < 1, the

(16b)

(16a)

equivalent circular tube and fin approximation is quite good
for all but the most elongated symmetry elements [examples
(g) and (j) in Table 1].
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